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Abstract: In this paper we address concerns relating to 
building real-time executable software models to simulate the 
dynamics of an induction motor driving a vehicle. Using an 
example, we investigate how the selection of a reference 
frame influences the ability to simulate the induction motor 
dynamics in real-time. We also investigate the possible 
advantages of a state transition matrix based approach over 
the standard simulation techniques based on Euler integration. 

1. Introduction 
There is plenty of literature available on the dynamic 
modeling and simulation of an induction motor. For example, 
[l] discusses the use of an analog computer to simulate 
induction motor dynamics. Digital simulation applying Runge- 
Kutta-Gill method is discussed in [2]. In [3] the author 
suggests the use of Adams-Gear method for solving the 
dynamic equations. However the digital simulation techniques 
proposed in literature are for off-line simulation and were not 
constrained by real-time considerations. 

Hardware-in-the-Loop (HIL) technology is a rapidly emerging 
discipline of mechatronics with tremendous potential for 
reducing vehicle development cycle time. In contrast to off- 
line simulations which involve only a software model, a 
typical HIL simulation experiment has physical hardware (that 
can either be a controller module or a mechanical piece) 
communicating with a software model executing in a digital 
computer (called the target computer). Since the physical 
hardware reads and responds to inputs in physical time, it is 
essential for proper HIL operation that the software model 
also execute in real-time. It is physically impossible for the 
software model to respond instantaneously. However, the 
standard procedure is to fix a simulation sampling interval for 
the experiment. The computer operating system and 
associated electronics should ensure that output from physical 
hardware is sampled at each sampling time and input to the 
software model. The software model performs all 
computations within the sampling interval, and passes on the 
output values to the computer operating system. The operating 
system ensures that the model output is made available to the 
physical hardware exactly at the next sampling time, and is 
held constant over the sampling interval. Using this setup, 
dynamics of the hardware, modeled software, and their 
interaction can be studied and analyzed. The frequency of the 
dynamics that can be studied with this setup is restricted to an 
order lower than the sampling frequency (inverse of the 
sampling interval). It should be mentioned that variable 
instead of fixed sampling interval is certainly feasible for 
specific HIL experiments, but requires a lot more work and 
analysis and is certainly not practical if the HIL setup is to be 

flexible in accommodating more than one experiment. In this 
paper we assume that HIL experiments require a fixed 
sampling interval. 

From the above discussion it is clear that for the software 
model to be applicable for HIL simulation, it should satisfy 
the following constraint; for each sampling interval, the model 
computations should start and end within the sampling 
interval. Based on the above, a simple definition for a real- 
time model can be given as follows: A dynamic model of a 
physical system is considered a real-time model on the target 
computer ifit  is a discrete-time model satisfying the following 
conditions: (a)  The sampling interval dictated by the model 
can be achieved by the target computer and the associated 
hardware. (b)  For each sampling interval, the target 
computer CPU time needed for model computations is less 
than the sampling interval. Notice that even a slow executing 
model could be a real-time model provided the sampling 
interval is large, and a real-time model on one target computer 
may not be a real-time model on another. Also, given a target 
computer, higher the numerical complexity of the model, 
larger is the requisite sampling interval, and smaller is the 
highest frequency that can be simulated in HIL setup. 

HIL technology is being used to assist hybrid electric vehicle 
(HEV) development at Ford Motor Company. Details on HIL 
applications for HEV development can be seen in [4],[7]. 
Three examples where real-time model of induction motors is 
required are listed below. (a) In the first HIL setup, the 
performance of a fully developed induction motor controller 
on different induction motor designs (the motors may or may 
not have been built) is evaluated. (b) The second experiment 
is to validate (and refine if required) the dynamic model for 
the induction motor under test. In this case, the physical 
device and its model are run simultaneously in HIL facility 
and the error between the physical signals and modeled 
variables are recorded and displayed on-line. (c) The third 
situation arises when the complete physical powertrain for 
HEV is available except for the induction motor, and drive 
cycle test (example FUDS) needs to be conducted to study 
overall HEV system performance. In this case, the induction 
motor has to be simulated in real-time and interfaced with 
other physical powertrain elements. 

In this paper we discuss construction of real-time models for 
an induction motor driving a vehicle. In particular, we 
investigate if a non real-time discrete-time model of the 
induction motor in one frame of reference can become a real- 
time model in another. We also construct a discrete-time 
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model using state transition matrix computation and 
investigate its suitability for real-time applications. We should 
caution the reader that our approach is to study these issues 
using an example. Though detailed analytical study is 
possible, it is outside the scope of this work. The example that 
we use provides insights into solving some difficult real-time 
modeling problems. The example also underlines the value of 
eigenvalue analysis in real-time model development. 

Since the induction motor under consideration is assumed to 
be driving a vehicle, for realistic simulation results, we 
constructed a simple load model as follows. We have, 

where F is the resultant of all the forces acting on the vehicle, 
m its mass and v its longitudinal velocity. If T is the torque 
developed by the.motor, w is the angular velocity, and 1, is 
the inertia of the motor, the torque input to the transmission 

F = m dv/dt (3) 

Tm is given by Tm = T - 1, dddt .  Assuming the efficiency 
of the various driveline components to be q and a drive ratio 
Of n v  the torque at the Tw = Tm rl n 
Assuming a tire radius of r, the tractive force at the wheels is 
Ftr = Tw / r = n q (T - 1, dddt)/r (4) 
The resultant force is 
F = F t r -  Fa-Fr ( 5 )  

To avoid any confusion, it should be mentioned that though 
HIL simulations are the underlying for this real-time 
model building exercise, the constructed models are analyzed 
by performing simulations in a non-real-time system. Hence 
when we mention simulations in the reminder of this paper, 
they refer to non-real-time simulations and not real-time H E  
simulations. 

Tw is given 

2. Dynamic model of induction motor 
In this paper we consider a three phase uniform air gap 
squirrel cage symmetrical induction motor. We start with a 
model of the induction motor represented in d-q reference 
frame[5]. In this reference frame the dynamics of induction 
motor can be represented by four first order linear time- 
varying(LTV) differential equations (assuming the speed of 
the rotor and the reference speed to be exogenous signals) as 
follows 
dhds/dt = -rsids + Oh + vds qs 
dhqs/dt = -rsiqs - Ohds + vqs 

4' dhd,ldt = -rr& + ( o q ) h  
dhq,ldt = -rriqr - (oci+)hdr 

Ads = (Lls+Lm)ids+L, idr 
hqs = (Lls+Lm)iqs+Lm iqr 
hdr = (Llr+Lm)idr+& ids 

Fa is the aerodynamic drag force and Fr is the tire rolling 
resistance friction. The aerodynamic drag term is given by 

where kd is the aerodynamic drag coefficient. If the vehicle 
velocity is in m/s and the mass in kg, then the tire rolling 
resistance in N can be approximated reasonably [ 121 by 

Also, the vehicle velocity v and the motor speed o are related 
as 
o= (dr) v (8) 
From (3), (4), (3, (6),  (7) and (8), we have the relationship 
between the torque developed and the rotor speed as given 
below. 

Fa = kd v2 (6) 

F, = m (0.04 + 0.000904 v) (7) 

T = (Im + Iv&) d d d t  + a 02 + b w +  c (9) 

where Iveh = m r2/(q n2) is the vehicle inertiu, a = kd r3 /(q 

n3). b = 0.000904 I,& and c = 0.04 m r /(q n). Equation (9) 
is the dynamic representation of the load experienced by the 
induction motor described in (1) and (2). hqr = (Llr+Lm)iqr+Lm iqs (1) 

Here 61 is the angular speed of the reference frame, % is the 
electrical speed of the rotor (= mechanical speed * P/2 where 

stator, Llr is the leakage inductance of the rotor, Lm is the 
mutual inductance, rs is the stator resistance, and rr is the 
rotor resistance. The current variables are represented by i and 
the flux variables are represented by h with the subscripts r, s, 
q, d representing the rotor, stator, q-axis component, and d- 
axis component respectively. The relation between the d and q 
components and the corresponding three phase values can be 
found in [5].  The torque equation is given by 

Various possible representations of the above equations which 
can be used depending on the application and convenience are 
given in the references [8-111. For us, it is enough to note that 
if the stator voltages and the rotor speed are known, flux, 
current, and torque values can be obtained by solving the 
fourth order dynamic system represented above. 

P = the number of poles)., LlS is the leakage inductance of the For Our we use 'Ill = 1'3 kg m2 ' = l8O0 kg9 = 

0.33 m9 rl = 0.8, kd = 0.35 NS2/m2 and n = 8 for the load 
parameters, and rs = 0.019Q rr = O.01Q2, Lis = Llr = 0.002H, 
Lm = 0.01H and p = 4 for the induction motor parameters. 
We also assume that the input to the motor is a three phase 
balanced voltage supply with frequency that is adjustable from 
0 to 500 Hz and a peak amplitude of 1OOV. The motor in the 
vehicle is assumed to operate over the speed range of 0 to 
2200 rad/s. 

T = (3/2)(P/2) (hdsiqs - hqsids) (2) 
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To investigate this possibility we plotted the loci of two of the 
four eigenvalues (multiplied by 0.0001, the step size) of the 
continuous-time dynamic system (1) as rotor speed was 
varied. For any given w and q, the system is linear time- 
invariant with eigenvalues given by 

p1,p2 = -1/(20zr)(l+a) + j(q./2-o)+1/(2ozr)(( 1+~~. )~-4oa-  

(qoz,) 2+j2(a- 1 )qozr> 112 (10) 

and their complex conjugates, where (T = 1-Lm2/(LsLr), 01 = 

zr / zs, zr = L,./rr, and zs = Ls/rs. The plots for the stator frame 
are shown in Figure 1. A rule of thumb based on the work in 
161 is that if the continuous-time system ( 1 )  is discretized 
using forward Euler integration algorithm, the resulting 
discrete-time system is stable and reasonably accurate for 

synchronous frame of 
reference, (assuming the 

computation is the same 
for both stator and 
synchronous frames of 
reference) can a stable 
and accurate simulation 
be guaranteed by going 
from a stator frame of 
reference while the 
motor is operating with 
the first condition to a 
synchronous frame of 

D reference when the 

complexity of 

operating conditions corresponding to points on the above 
locus with magnitude less than 0.1. This condition is satisfied 
as long as rotor electrical speed is less than 1000 rads. 
Similar analysis on the rotor frame yields the same 
observation. Analysis on the synchronous frame leads to the 
observation that this condition is not satisfied for excitation 
frequencies higher than 1000 rads. For the excitation 
frequency of 1000 rads, the condition is not satisfied for rotor 
electrical speeds less than 235 rads. As the excitation 
frequency is lowered, the lower limit on the rotor speed for 
which the condition is met also decreases. The analysis 
reveals that any operating condition for which the thumb rule 
for stability is satisfied for synchronous frame also satisfies 
the rule of thumb for the other two reference frames. A 
hypothesis that can be formulated from this observation is that 
if the discrete-time system modeled using the synchronous 
frame at an operating condition is stable and produces 
accurate results, then the equivalent discrete-time systems in 
the other two reference frames as well are stable and produce 
accurate results. 

Figure 2 

1035 rad/s. The 
synchronous reference 
frame plots confirm 
the observations made 
from continuous-time 
analysis. From this 
analysis, it is seen that 
the stability region for 
the rotor frame 
contains the stability 
regions for the other 
two frames for this 
motor model. 

For each reference 
frame, we simulated 
the discrete-time 

Next we constructed 
plots of the discrete 
system eigenvalues for 
the three different 
reference frames. The 
plots for the stator 
frame are given in 
Figure 2. Two of the 
four branches leave the 
unit circle for rotor 
speeds greater than 
735 rads. The plots 
for the rotor frame are 
shown in Figure 3. In 
the rotor frame two of 
the four branches leave 
the unit circle for rotor 
speeds greater than 

Figure 3 
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model of the induction motor driving the vehicle load for two 
different initial conditions(i), and three different excitation 
frequencies(f). The result of the simulation study is 
summarized in the Table 1. The frequencies are in Hz, and the 
initial conditions are in rads. The entries S and U indicate 
that the simulation was stable, and unstable respectively. The 
simulation results match the observations from eigenvalue 
analysis. 

Table 1 

I I f=10 I f=100 I f=500 I f=10 I f=100 I f=500 

However the fact 
that the rotor frame 
simulation is stable 

of -900 rads at all 
these frequencies 

for initial rotor speed 

should not be 
construed to mean 
that the simulation 
results are accurate. 
They are far from 
accurate. However, 
several simulations 
that we conducted 
seem to indicate that, 

om 0- m m  o s  Js in general, the rotor 
frame yields far Figure 4 
more accurate results 

than the stator frame. An example to show this is illustrated in 
Figure 4. Figure 4 shows plots of the torque developed using 
the stator frame and rotor frame based simulations with the 
frequency of excitation at 500 Hz, and an initial rotor speed of 
-300 rads and a step size of 100 p. The signal with the large 
amplitude of oscillations is obtained from the stator frame 
based simulation, and the rotor based simulation resulted in a 
torque signal with lower amplitude oscillations. To verify 
which of the two is accurate, we repeated the simulation on 
the stator frame with a step size of 10 p. The output from this 
simulation is also plotted in Figure 4, and the plot resembles 
the results obtained from the rotor reference frame at loops. 
Hence we can hypothesize that the rotor frame simulation is 
more accurate than the one with the stator frame for the same 
step size. 

* A  . . , . I . .  . . 1 . .  , 1 . .  . . I . . . .  

The above discussion lead us to believe that irrespective of 
the operating conditions, using the rotor frame may provide 
stable and more accurate solutions for the induction motor 
dynamics than the stator or the synchronous frames, given a 
fixed step size. However, it should be noted that the numerical 
complexity involved in simulating the motor dynamics in the 

rotor frame is more than the numerical complexity involved in 
simulating the motor dynamics in the stator frame. This is due 
to the fact that using a rotating frame of reference involves 
implementing vector transformers which compute sine and 
cosine of angles of rotation. For the step size of loop, on a 
SUN SPARClO workstation, using Xmath interface, the stator 
frame needed 1.5s of CPU time to complete simulation of 0.5s 
of the motor dynamics (3 times real-time), and the rotor frame 
needed 10s (20 times real-time). Hence, the performance of 
the l o o p  rotor frame simulation should be compared with the 
performance of a 100*3/20 = 1 5 p  step size stator frame 
simulation. We have not performed this comparative study 
because the vector transformer has not yet been optimally 
implemented, and optimal implementation could reduce the 
CPU time usage. 

4. Real-time model using transition matrix 
The basis for this approach is as follows. Consider a linear 
parameter varying system 

An approximate discrete-time system representation for the 
above system is given by 
x((k+l)T) = e A@Q)T x(kT) 

dx(t)/dt = A(p(t))x(t) + Bu(t) (11) 

+ jkT@+l)T e A(PQ)((k+l)T-7)dZ Bu(kT) 

k =O,l, ... (12) 
This approximation is valid if the step size T is sufficiently 
small, and the function p() is slowly varying. 

The dynamic system representing the induction motor (1) can 
be identified with (11) with p() =[ o(), q()]. For the motor 
under consideration since the rotor speed is proportional to 
vehicle speed, the rotor speed is slowly varying due to the 
inertia of the vehicle. Hence this approach can be expected to 
yield good results. However computing the terms 

(13) 
is nontrivial. However, since we have a closed form solution 
for the eigenvalues of the system as given by (10) , we can 
use the method described in [I31 to compute the above 
factors. In our simulations at each sampling interval we 
compute the eigenvalues using (10) depending on the 
operating conditions, and use the values to compute both 
factors in (13). The state update is then computed using (12). 

e A(P(kT))T and jkT@+1)T e A(p(kTN(k+l)T-T)dT 

Using this approach, at a step size of 1 0 0 p  we were able to 
compute the solutions for the induction motor dynamics more 
accurately than techniques discussed in the previous section. 
The simulation using this approach performed equally well in 
the three frames of reference. 

To further investigate the advantages of this technique, we 
evaluated the performance of this algorithm at step sizes lower 
than 1OOp. For this experiment we used the synchronous 
frame since the input voltages are constant in this frame, and 
hence subsampling the inputs can be expected to not degrade 
performance as much as it could in the other frames of 
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reference where the input (voltage) signals are at the 
excitation frequency. Using this approach, we simulated the 
induction motor dynamics with an initial condition of -900 
rad/s, an excitation frequency of lOHz and a sampling interval 

Figure 5 

of loop .  The 
equivalent simulation 
for Euler integration 
method using rotor 
frame discussed in the 
previous section 
produced stable results 
with extremely high 
transient oscillations. 
With a step size of 
lops, the simulation in 
rotor frame of the 
Euler integration 
based model was 
inaccurate. The plot of 
the developed torque 
is the top one in 
Figure 5. A more 
accurate value of the 

developed torque was obtained in the rotor frame with a step 
size of 1 ps. On the contrary, simulation using the transition 
matrix approach even at lms, and lOms resulted in accurate 
solutions as shown in Figure 5. 

As can be expected, the numerical complexity of the 
simulation is high with this technique. For a 0.5s simulation in 
the synchronous frame with a sampling interval of 100 p, the 
CPU time used was 37.6 s (more than 75 times the real-time). 
However, for simulating the same scenario as accurately, the 
rotor frame algorithm (the better one from the previous 
section) would have required a step size of 1 ps, resulting in 
an CPU time usage of 1000 s. Further, the transition matrix 
based approach was able to generate accurate results with the 
step size as large as 10 ms. Hence for real-time 
considerations, the transition matrix based approach may be 
the best solution. 

5. Conclusions 
Of the Euler integration algorithm based approaches discussed 
here, the one that used the rotor reference frame performed 
the best. However the advantage gained was not sufficient to 
offset the disadvantage due to the additional computational 
complexity added by the vector transformers. Further study is 
required to confirm the results. The transition matrix based 
approach, though numerically more complex, performed the 
best in terms of accuracy, stability, and real-time capability. 
The good results were possible due to the vehicle inertia, 
which made the rotor speed a slowly varying quantity. 

further rigorous analytical work towards creating real-time 
models of induction motors. Future work includes optimal 
implementation of the transition matrix computations and the 
vector transformer. Additional work to investigate the effect 
of the Backward Euler algorithm instead of Forward Euler is 
also being conducted. This work will also be extended to the 
regenerating region of the induction machine. 
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